POSITIVE EXPONENTIAL SUMS AND ODD POLYNOMIALS 
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Abstract. Given an odd integer polynomial f(x) of a degree k > 3, we con- 
struct a non-negative valued, normed trigonometric polynomial with the spec- 
trum in the set of integer values of f(x) not greater than n, and a small free 
coefficient ao = 0((logn)~ 1 < /fc ). This gives an alternative proof for the maxi- 
mal possible cardinality of a set A, so that A — A does not contain an element 
of f(x). We also discuss other interpretations and an ergodic characterization 
of that bound. 



1. Introduction 

We consider polynomials f(x) = a^x k + ... + a\x with integer coefficients, sat- 
isfying: 

(1.1) For all j even, a 3 = 0; and the leading coefficient is > 0. 
The main result of the paper is the following: 

Theorem 1. Given an integer polynomial f of a degree k > 3 satisfying 
there exist cosine polynomials 

(1.2) T(x)=b Q + b m cos(27r/(j», 

0<f(j)<N 

such that for all x, T(x) > 7 and such that all coefficients bj are non-negative, 
normed (i.e. ^bj — I), and that bo = 0((logiV)~ 1 / fc ). 

We now discuss the background and implications of that result. Denote by T(D) 
the set of all cosine polynomials with the spectrum in a set of positive integers 
BU{0}, such that T{x) > 0, T(0) = 1; and let T + {D) be the subset of T{D) with 
non-negative coefficients. Kamae and Mendes France in [5] introduced the notion of 
van der Corput sets (VdC sets; or correlative sets), if miTeT(D) bo = (bo is the free 
coefficient). One can also define VdC + sets as those for which inf TeT(D+) bo = 0. 
Let 7(n), 7 + (n) be the arithmetic functions which measure how quickly a set is 
becoming a van der Corput set: 

7(n) = inf Ter( rjn[i,n]) b 

and 7 + (n) analogously for T + (D) (and then j(n) < 7 + (n)). Theorem [1] can now 
be rephrased as follows: for the sets of values of an odd integer polynomial /, 

(1.3) 7 +(n) = 0((logn)- 1 ^). 
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Kamae and Mendes France, Ruzsa and Montgomery ([8], [12], [E]) described 
various characterizations of van der Corput sets and the function ~/(n), mainly 
related to uniform distribution properties of the set D. In particular, in [5] it was 
shown that van der Corput sets are intersective sets, and Ruzsa showed in |13j 
that an upper bound for the function 7 is also an upper bound for the intersective 
property. Following that, a Corollary of Theorem Q] is the following: 

Corollary 1. Let f be an integer polynomial satisfying U.l\) . Suppose that N is an 
integer and that A C {1, N} is such that the difference between any two elements 
of A is never an integer value of f . Then \A\ — 0(N(\ogN)^ 1 ^ k ). 

This gives another proof of the upper bound for the difference property of odd 
polynomials, where the best current result (by Lucier [6], valid for all polynomials) 
is A^logiV)- 1 /^- 1 ^ 1 ". 

Montgomery set a problem in [8] for finding any upper bounds for the van der 
Corput property for any "interesting" sets, such as the set of squares and more gen- 
erally the set of values of an integer polynomial. Ruzsa in [12j announced the ^(n) ~ 
0((log n)~ 1//2 ) bound for the set of squares, but the proof was never published. One 
of the authors in [TS], [TB] proved bounds 7(ri) < 7 + (n) = (9((log n) -1 / 3 ) for the 
set of perfect squares, and 7(71) < 7 + (n) = 0((log for the set of shifted 
primes. We also note that Theorem[T]can be extended to all integer polynomials of 
degree k > 3, but for now with the bound only j + (n) = 0((log log n) _1 / fc ) ( 10 ]). 

Ruzsa showed that, by using only non-negative coefficients in the case of squares, 
one can not do better than 0((log n) -1 ). We extend the same argument to show 
that the Theorem [T] is close to optimal if only non- negative coefficients are used: 

Theorem 2. Let f{x) — (3x k , (3 > an integer, and k > 3 an odd integer. Then 

(1.4) 7 +(n) > (lMfc) + o(l))(logn)- 1 . 

It is hoped that one can improve the van der Corput and intersective sets bounds 
by constructing cosine polynomials also with negative coefficients. Ruzsa and Ma- 
tolcsi have recently announced progress in this direction in the case of perfect 
squares; and also discussed this in a more general setting of commutative groups 

(El)- 

The Theorems [IJ [2] have an ergodic-theoretical interpretation, as was noted in 
EH]: 

Corollary 2. Let f be an integer polynomial of a degree k > 3 satisfying il.l]) . H 
an arbitrary real Hilbert space, U an unitary operator on H , and P the projection 
to the kernel of U — L . If x G H is such that Px ^ 0, then there exists a positive 
integer f(j) such that [U^^x,x) > 0. 

Furthermore, if (Px,x) > ^ + {n){x, x), then there exists such f(j) < n, where 
7 + (n) is the best such bound valid universally for all H,U, with bounds and 
\l-4\) in the case f(x) = otkX k ■ 

The structure of the paper. We first introduce some notation related to 
the polynomial /. The degree of / will be always denoted by fc, and let i > 1 be 
the smallest index so that a; > 0. Let c(f) = (a>k,—,cti) be the content of the 
polynomial. Without loss of generality we always assume that for x > 1, f{x) > 1, 
and that f(j), j > 1 is an increasing sequence (if not, we find the smallest jo such 
that it holds for j > jo, and modify all the estimates by skipping the first jo values 
of /, this impacting only the implicit constants in the estimates). 
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Let F n (x) be the normed Fejer's kernel 

F n (x) = - + 2 V (- - 4) cos(27rja;), 

and then F n (x) > 0, and F n (0) — 1. The key tool in our construction will be, 
following the idea of I. Ruzsa, construction of a polynomial of the type (|1.2[) which 
approximates F n (x). We may further restrict "allowable" indices j to those with 
an integer d as a factor, and define 

(1.5) G n , d (x) = l V a^f- 1 (- - cos(2^/(dj», 

a k (dj)K<n V 7 

where K is chosen so that G ni d(0) = 1 (if will be close to 1 for n large enough; 
and will be estimated in Section 2). 

The structure of the proof is as follows: let S(f, q) be the complete trigonometric 
sum 

9-1 

(1-6) S(f,q) = '£e(f(s)/q), 

where e(x) = exp(2Ttix). We will need the reduced complete trigonometric sum 
over the multipliers of an integer d: 

9-1 

S d (f,q) =J2e(f(ds)/q), 

s=0 

For q small (the major arc estimates), we show that 

(1.7) G nt d(a/q + k) = -S d (af, q)F n {n) + error term, 

where the error term is small for small k and large n as compared to q, d. For 
large q, we show by partial summation and by using the well-known Vinogradov's 
trigonometric sum estimates that G n> d{x) is small. The key step is the averaging 
step: we choose the constants do,-..,d s and normalized weights Wo, ■ ■ ■ ,w s such 
that for any q, J2j WjS dj (af, q) > -8, 5 = 0((log N)- 1 ^). Here N is the size of 
the largest non-zero coefficient in the family of polynomials Gn,di ■ The estimate 
bo = 0((log 7V)~ 1 / fe ) follows from this and the size of the error term. 

Unfortunately, for polynomials which are not odd, this approach seems to fail 
as (|1.7[) does not hold. Namely, there is another factor difficult to control if one 
can not a-priori claim that the imaginary part of S(f, q) is 0, as is the case for odd 
polynomials. 

We prove Theorem Q] in Sections 2-5, and Theorem [2] in Section 6. 

2. The major arcs 

We will use the notation Ofe(.), -C^, 0/(.), <C/when the implicit constant de- 
pends implicitly on the degree k or the coefficients of the polynomial / (including 
the degree) respectively. We will often use the following relations: If x, y > 1 arc 
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integers such that f(x),f(y) -C/ n, then 

(2.1) f{x) = O f (x k ) = 

(2.2) = a k x k + O f (n 1 - 1 / k ), 

(2.3) \f(x)-f(y)\ = \x-y\O f (n 1 -V k ) = 

(2.4) = a k k\x-y\x k - l + \x-y\ 2 O f (n x - 2 / k ). 

The relations above can be computed easily by using /3 = 2(|afc_i| + • • • + |ai|)/afe 
and the relation a k x k < 2f(x) if x > 1 and x > (3. 

The following result by Chen [3] and Nechaev [9] gives a bound for the complete 
trigonometric sums. 

Lemma 1. Let f be an integer polynomial of a degree k > 2. Then 

S(f,q)=O k ((c(f),q) 1 / k q 1 ~ 1 / k ). 

We will need the next bound for the content of the polynomial / when it goes 
over the multipliers of an integer d: 

Lemma 2. Let f be an integer polynomial of a degree k > 1, d an integer and 
g(x) — f{dx), for all x. Then 

c(g)<d l \ ai \ k . 

Proof. We first assume that / is a primitive polynomial (i.e. c(f) = 1). One can 
than easily show that c(g) < d l (d, ai) k ~ l . If / is not primitive, we apply the previous 
result to the polynomial f/c(f) and get 

c(f/c(f)) < d l (d, ai /c(f)) k - 1 < d l \ ai \ k - 1 . 

The claim now follows from c(g) = c(//c(/))c(/) and c(f) < \ai\. □ 

We now state the major arcs estimate. 

Proposition 1. Let G ni d(x) be a trigonometric polynomial as in i 1.5\) for some 
integer polynomial f of a degree k > 3 satisfying M.l)) , and n, d positive integers. 
Let x = a/q + k. Then 

G n , d (x) = -S d (af,q)F n {K) + O f (dqn- 1 / k (l + \K\n)). 

Proof. Without loss of generality we assume that dqn~ x l k < a k 1 ^ k (otherwise the 
error term is of the order 1 and the claim is trivial). By writing Re e(y) instead of 
cos(27ry) and appropriate grouping, we get 

G n>d (x) = Re V - e (f(ds)a/q)^ V a k qkd k j k - 1 (- - ^Mt\ e (/(dj». 

s =0 a k (dj) k <n 
j=s(mod q) 
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We fix all the parameters and constants. Let B/2 be the inner sum in the expression 
above, A = B/K, and let 



_ f<,d(j+q))-l 

C = 2 ]T e(f(dj)K) Yl 

a k (dj) k <n t=f{dj) 
j=s(mod q) 

fW+q))-l 

D = 2 «(/(<&» E 

/(*)<" *=/(*') 

j=s(mod q) 



1 t 

n n 2 



1 t 

9 



e(tn) 



Note that F n (x) = KeF*(x), but has in general a non-zero imaginary part. 
If to is chosen so that ak(dm) k < n < a k (d(m + l)) fe , then one easily gets 

\a k d k m k -n\< a k d k ((m + l) k - m k ) < a k k2 k - 1 d{dm) k - 1 . 

We now have 

(2.5) a k d k m k =n + / (dn 1 - 1/fe ). 
Using that and J2i<j< m J = (l/k)m k + O k (rn k ~ 1 ), we estimate if: 

K = 2 £ a fc iW*Wi-2^ 

ak(dj) k <n 

= ^a k d k (m k + O k (m k - 1 )) - ^a 2 k d 2k (m 2k + O k (m 2k - 1 )) 

(2.6) = l + } {dn- 1/k ). 

Similarly, by using the elementary fact that 

(2.7) £ j^=O h (\m* 

l<j<m ^ 
j^s(mod q) 

one gets that |-B| < 1 + O f{dqn^ 1 / k ). The assumption dqn~ x l k <C/ 1 implies 
5 = 0/(1), thus 

(2.8) A-B = S(1/K-1) = O f (dn~ 1/k ). 

If 1 < j < to and f(dj) <t< f(d(J + q)) - 1, then (JZ21) and (O imply that 
i = a fc (rfj) fc + / (dgn 1 - 1 / fc ). 



to^ 1 
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Using that and (|2.4[) . we get 

f{d(j+q))-i 



E 

t=f(dj) 



1 t 

2 



(f(d(j + q))-f(dj)) 



1 a k (dj) k Ofidqn 1 - 1 ^) 



(a k qkd k 3 k ^ + O f (d 2 q 2 n^ k )) (± - + O^n- 1 " 1 /*)) = 

a^hd^- 1 ( - ^l.) + amkd^^Ofidqn- 1 - 1 '*) + O f {d 2 q 2 n- 2 ' k ). 
\n nr J 



By summing the previous over all the summands "j" in the definition of C, we get 
\B-C\ = Ofidqn- 1 - 1 ^) a k qkd k j k ^ + O f (d 2 q 2 n- 2/k ) ^ 1, 

Now (|2.7p implies 



a k (dj) h <n a k (dj) k <n 
j = s(modq) j=s(modq) 



(2.9) B-C = O f {dqn- 1 ' k ). 

From (12.51) . as a k d k (m+q) k —a k d k m k < a k d k qk(m+q) k ~ 1 and d(m+q) -C/ n 1 ^, 
we get akd k (m + q) k = n + Of{dqn 1 ^ 1/k ). Therefore (|2.2j) implies 

(2.10) f(d(m + q))=n + O /(dqu 1 - 1 ^). 

Choose m* so that /(dm*) < n < /(d(m* + 1)). Assume that to* < to (the second 
case is proved analogously). If /(d(m* + 1)) < t < f(d((m + q)) — 1, then ()2.10|) 
implies 

(2.11) t = n + O f {dqn 1 ' 1 / k ). 
Similarly as before, one shows that 

(2.12) f(d(m* + 1)) =n+ Ofidn 1 - 1 ^) 
and 

(2.13) f{d(m* +q)) = n + Ofidqn 1 - 1 ^). 

Now, C and D only differ in the number of summands (1/n — t/n 2 ), thus by (|2.1ip . 
one gets 

/(d((m+g))-l 

i 

,2 



|cr-x»|<2 £ 1 ' 



Ofidqn^-^ifidim + q)) - f(d(m* + 1))). 



t=/(d(m,+l)) 

Using ([2~T0t and (|2~T2)) . we deduce that 

(2.14) C - D = O s {dqn- 1 ' k ). 

We now estimate D - F*(n). If 1 < j < m* and /(dj) < < < /(d(j + 9)) - 1, the 
relations \e(x) — e(y)\ < 2tt\x — y\ and (|2.3p imply 

|e(/(d?» - e(i«)| < 27r|«|(/(d(3 + «)) - /(dj)) = O/d^ldgn 1 - 1 ^). 
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Comparing D and F*(n), we see that 

/(da)-l 



\D-K(")\ < 



i + 2 

n 



{=1 



+2 sup 

l<j<m* , j = s (mod q) 
f(dj)<t<f(d(j+q))-l 

f(d( m ,+q))-l 

+2 



t=n+l 



\e(tn)\ 

e(/(<&» - e(t«)| 
\e(f(dj) K )\. 



E 

t=f(ds) 



Using the previous two relations, (I2.11[) and (|2.13p . we conclude that 
(2.15) D - F*{k) = Ofidqn- 1 ^) + Ofidq^n 1 - 1 ^). 



Now note that Sd(af, q) = X)s=o e (f(ds)a/q) is real. The claim now follows by 



combining ([2~8]), (|23]) . (j2~T4| and (J2J5]). 



□ 



Let 97l(Q,i?) denote the major arcs, namely the set of all x £ R which can be 
approximated by a rational a/ q, (a, q) = 1, where q < Q, so that |x — a/q\ < 1/qR, 
and let m(Q, R) = M\dJl(Q, R) be the minor arcs. We also define a function r(d, q) 
which will describe the behavior of the principal part of the major arcs estimate: 

r*(d ) = { l " ^ 

1 — cn\ai\r~ x / k otherwise, 

r(d,q) — max{r*((i, q), — 1}, 

where r — q/(q,d l ) and cq is the implicit constant in Lemma [TJ Lemma [T] and 
Lemma [2] imply that Sd(af, q)/q > r(d,q). As F n (n) is non-negative, we can now 
put all the results of this section together: 

Corollary 3. The major arcs estimate. Let G n ,d{x) be a trigonometric poly- 
nomial as in \1.5\) for some integer polynomial f of a degree k > 3 satisfying 
Assume 1 < Q < R are given. Let x G 93t(Q, R), x = a/q + k, (a, q) = 1, q < Q. 
Then 

G n , d (x) > T(d,q)F n ( K ) + O f (dn-^ k {Q + n/R)). 

3. The minor arcs 

We derive the following Lemma from the well-known estimates of Vinogradov. 

Lemma 3. Let fix) = otkX k + ...+aix be an integer polynomial. Lfm,d,l < Q < R 
are constants so that Q > ctkd k m 1 / k and x G m((2, R), then 



sup 



E 



e(f(dj)x) 



</ (d- k QR) 



i/(fc-i/fc) 



where p = l/(8/c 2 (logfc + 1.5 log log k + 4.2)). 

Proof. We write g(j) instead of f{dj)x, or more precisely: let g(y) 



Let 1 < < m. Applying Vinogradov exponential 



fi x y where /3j = ajd 3 x. 

sum bounds (see [17], Section 11), it is easy to see that if Q > akd k mt /K , m* > 



s 
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(a^d k QR) 1/{k 1/k ~> and x € m(Q, R), then (3 = ((3 k , j3 x ) is of the second class, 
thus 



(3.1) 

Trivially for any to*, 
(3.2) 



3=1 



< to* 



The claim now follows by summing (13.21) for the cases to* > (a,, 1 d k QR) 1 ^ k 



and (|3.2p for the cases to* < (a fc d fe Qi?) 



\i/(fc-i/fe) 



□ 



Proposition 2. TTie minor arcs estimate. Let G n ,d(x) be the trigonometric 
polynomial as in \1.5\) for some odd integer polynomial f and 1 < Q < R constants. 
Let x € m(<2, R). Also assume that d < n x l k and a.kd k n 1 / k < Q. Then 

G n , d (x) «/ rT l ' k (QR) 1/{k - 1/k) + dn~ p l k . 
Proof. Choose to so that akd k m k < n < a k d k (m + l) k . Then 



(3.3) 



d k m k 1 d 2k m 2k 1 



</ dn 1/k . 



We introduce the notation 

9(3) = 
h(j) = 



( 1 (*k(dj) k 

a k kd j — 

cos(2n f(dj)x) = Ree(f(dj)x). 



By partial integration, using the notation Ag(j) — g(j+l)~g(j), H{j) = 
we get 



G n . d {x) 



K 



K 



g(m)H(m) - ^ Ag(j)H(j) 



1 / dm 



K 



k^k-l 



d 2k m 2k 1 



sup | if (to* 

l<m*<m 



By (1211) and as d < n 1 ^, l/K = 0/(1). As Q > a^n 1 ^ 2 and as by choice of 
to, n l ' k > to, we get Q > u k d k m}-l k . We now combine Lemma[3]and 

G r M « f dn-^ k ((d- k QR) 1/ik - 1/k} +n^ k ) 
< n- l ' k {QR) 1/{k - 1/k) +dn-p' k . 



□ 
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4. Cancelling out the leading term 

Recall the definition of the functions T*(d, q), r(d, q) in Section 2, estimating the 
principal part of the major arcs estimate. For clarity of presentation, denote by 
a = cq\cxi\, ft = 1/k, and then 

1 if q\S 

max{— ar~@ , — 1} otherwise, 

where r = q/(q, d ). We use in this section only the facts that a > 0, < /3 < 1. 



r(d,q) 



Theorem 3. Averaging. Assume S > is given. Then there exist integer con- 
stants s > 0, 1 = do < d\ < ... < d s , d s = 0(exp(ci5~ 1 ^), c\ depending only on 
a, f3, and a real constant A > such that for any integer q, 

(4.1) iX>V(d,-, ? )>-*, 

3=0 

where A = 1 + A + ... + A s . 

We first discuss the case when q is a prime power q = p , which encodes the key 
idea of this section. If p is a prime, then 

1, k < jl 

-a.p~P( k ~i l > otherwise. 



Lemma 4. Say p is a prime, and /u, any real constant satisfying 

a + 1 

(4.2) 1 > fx > 



a + p 13 



Then for any positive integer constants s, k, 

s 

(4.3) ^^rV,p fe )>-/i s+1 /(l-M)- 

3=0 

Proof. It can be easily deduced from (|4.2p that 

(4.4) up 01 > 1, 

(4-5) -?=Br^r > 



HP 131 — 1 1 — n' 

Assume m is the largest integer so that m < s, ml < k. Then for all j < m, 
T *(p>,p k ) = -ap^ jl - k \ Denote the left side of (O by A s . We first apply k > 
ml + 1, then (|4~4]l and finally (|4~5l) : 

mm m 

j'=o i=o j=o 



Upl 31 - 1 1 - fi' 

The case to = s is now proved. If to < s, then for m < j < s, T*(p 3 \p k ) = 1, thus 

,,m+l 

L \ " ,J __„*+!. 



j"=m+l j— m+1 



□ 
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We now improve Lemma 0| and (|4.2|) , so that also for small p, p, can be close to 
1/2. 

Lemma 5. Say p is a prime, 1 > fj, > 1/2 and a > 1 an integer satisfying 

(4.6) > ^(1-^+^-1. 
Then for any positive integers s,k, 

s 

(4.7) ^^r^V^y+Vtl-/')- 

3=0 

Proof. We follow the steps of the proof of Lemma 01 and first note that (14.61) implies 

(4.8) fxp^ > 1, 



UpPal _l - 1- fi' 

Denote the left side of (|4.7[) by B s . Let m be the largest integer so that m < s, 
ami < k. Then for all j < m, T(p aj ,p k ) > —apP( a: > l ~ k \ In the calculation below 
we apply that and the following facts respectively: r > — 1 for j = m; k > ami + 1; 
then ([4~8f and finally (|4~9]) . We thus have 

m — 1 m — 1 

B m > -a fi j p 0(ajl - k) -\i m > ~ap-P fi J P l3alU ~ m) - M m 

m— 1 
3=0 

_ m ap-P + (ipP al - 1 // m+1 

^ _ J - 1 — //' 

The rest of the proof is analogous to the proof of Lemma 0| □ 

We now set A = 1/2^, and combine Lemmas 0] and [5] to find the prime power 
components of dj in Theorem 14. II 

Lemma 6. There exist a constant C2 depending only on a,/3, so that the following 
holds: for any positive integer s and prime number p < 2 s , there exist integers 
= ao < a± < ... < a s such that for any positive k, 

(4.10) X>V(p%p fe ) > _i±^A s+1 ; 

3=0 

(4.11) p a ° < 2 



C2S 



Proof. We will distinguish small and large primes, and will apply below Lemma 0| 
for large, and Lemma [3] for small primes. Let = p*(a, /3) be the smallest prime 
such that (|4.2p holds for p — p* and p, = A = 1/2 13 (and then it holds for all p > p*). 
Let a* = a* (a, (3) be the smallest integer so that (|4.6j) holds for p = 2, a — a* and 
fj, = A = 1/2' 9 (and then it holds for all primes p and the same a = a*). We 
distinguish two cases: 
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(i) Assume p is small, i.e. p < p*. Then we set ctj = a*j. Because of definition 
of a*, we can apply Lemma [5] and get 

(4.12) £ X *T(p a ' )P k )>--l-j\' +1 . 

3=0 

We also see that 

(4.13) P as <pf s . 

(ii) Let p be large, that means p* < p < 2 s . We find an integer q so that 
pi < p < pl + , and let b, r be the quotient and the remainder of dividing s by q, 
thus s = bq + r. Let a,j — [j /q\ , where [x\ is the largest integer not greater than 
x. First note that the function fix) = (a + x q )/{a + x) q is increasing for x > 1 
(e.g. by differentiating). Now applying this, the definition of p* and p > pi, we get 

Va+p;/ a+p* a + V 

Denote the right side of (|4. 10[) with C s (k) and let C*(fc) be the same sum with 
r* instead of r. We can now apply Lemma 0] with p = X q = l/2 l3q , and get 

6-1 

CfcViW = £(i + a + ... + a«-VtV,/)> 

(4.15) > - 1+A +:- +A *~V =-f>-. 

We analyze two cases. Suppose fc < W. Then r*{pf ,p k ) = 1. We use (|4. 15)) and 
get 

s oo 1 

C s *(*0 = C 6 Vx(fc) + E - E V = - i-a AS+1 - 

Now assume k > bl. Then r*(p h ,p k ) < and also for all j < b — 1, r*(p j ,p k ) = 
P~Pt*(j>> ,p k ~ 1 ). We now get from (14.15)) that 

oo 

(4.16) = p-PC^k - 1) > -j^ E Ai - 

It is easy to deduce from (|4.14[) that 

(4.17) -p _/3 >-A". 

As T*(p b ,p k ) > —ap~P, because of (|4. 16)) . (14. 17)) and finally 6g + q > s + 1, we get 

s oo s 

cm = c 6 Vi(fc) + E AJr V>p fc )^-^E A '- E^^ 

j=bq j=bq j=bq 

oo , 

> _(l + a) E A^>-1±^A^. 

As C S (A;) > C*(fc), we see that (|4.10p holds in both cases. Finally, 

(4.18) ^= P b </* (9+1) <^ s . 

We get P~TTj) from (|4~Hi|) and (|4~T5|) . with c 2 = max{2, a*} log 2 p*. □ 
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We now show why the left side of (|4.1j) can be reduced to analysis of a prime 
factor. 

Lemma 7. Say dg,di, ...,d s is a sequence of integers such that dj\dj+\. Then for 
each integer q, there exists a prime p such that for all j, 

(4.19) T(d j ,q)>T(p a >,pl'), 

where p aj , p k are the factors in the prime decomposition of dj , q respectively. 

Proof. If q = 1, then k — 0, so both sides of ()4.19|) are equal to 1. Assume now 
that q > 1. Let to + 1 be the smallest index such that q\d l m+1 (if there is no such 
m, we set m = s). If m = 0, then q\d l j for all j, so both sides of (|4.19|) are equal to 
1. In that case, we choose any prime p in the decomposition of q. 

Now say 1 < m < s, and let r = q/ (q, d l m ) and let p be any prime in the prime 
decomposition of r. For j > m + 1, both sides of (|4.19[) are equal to 1. For j < to, 
it is straightforward to check (14. 19[) . □ 

We now complete the proof of Theorem [3] Recall that A = 1/2^. Let C3 be the 
largest of the constants (1 + a)/(l — A) and a/A, and choose s so that 

(4.20) XS/c 3 < X s+1 < 6/c 3 . 

Let A = 1 + A + • • • + A s , m = 2 s and 2 = p\ < P2 < ■ ■ . < pt be all the prime 
numbers between 1 and m, and let a* be the exponents constructed in Lemma |6l 
associated to the prime pi, i = 1, . . . , t, j = 0, . . . , s. We set 

i=l 

Let p be the smallest prime number constructed in Lemma[7l If p < m, then p = pi, 
for some i = l,...,t. Now applying Lemma Lemma El (|4.20j) and A > 1, we 
deduce that for any positive integer q, 



J=0 ]=0 v ^ 



A s+i > -S. 



Now assume that p > m. Then Lemma [7] and (|4.20|) imply that 



iX>r(d,-,<7)> 



v ^ . -ap-">-<y. 

We deduce that (|4.ip holds. Now we estimate d s . By (|4.20|) and the definition of 

to, we get to < (ca/fS) 1 /^ and thus 

(4.21) s< J-logics/S) 1 ^. 

log 2 

The prime number theorem implies that t < 04(771/ log to), for some constant C4, so 

(422) ^ " C4 iog(c 3 /^vr 

Finally, by applying (|4.11jt . (|4.21|) and (|4.22j> . we get that d s < exp(c 2 s/j) < 
exp(cii5 _1 ^), where ci = C2c\ C4/log2. 
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5. Proof of Theorem Q] 

We choose 5 > 0, and find first, by applying the Theorem |3j the constants 
do, d s and A > such that for all integers q, 

(5.1) i^AV(^,?) > -5/2, 

3=0 

(5.2) d s < exp(c 5 <r fe ), 

where A = 1 + A + • • • A s and C5 depends on the degree and the coefficients of 
the polynomial /. Let cq and C7 be the implicit constants from Corollary [3] and 
Proposition [2] respectively. To streamline the calculations below, we dehne eg — 
2(afc + 1) max{c5, eg, c-?}/c5 and 0?* = eg exp(cs(5~ fe ). Then it is easy to check that 

(5.3) max{c 6 ,c 7 }(afc + l)d~ x < - 

and that dj < d* for all j = 1, s. Compiling the constraints and the error terms 
from Corollary [3] and Proposition [3J we see that it is now enough to choose the 
constants n,Q, R so that: 

ced+n-^iQ + n/R) < 5/2, 
d* < n 1/k , 
a k d k n^ k2 < Q, 
c 7 (n-^iQR) 1 '^- 1 '^ +d,n-"' k ) < 5/2, 

where p = l/(8fc 2 (logfc + 1.5 log log k + 4.2). One can check using (|5.3|) that the 
choice n — d k , Q = a k d\- bk and R — d^^ k + k "~ 2 - 5k satisfies all these relations. 
We now define the cosine polynomial 

T{x) = S+ H^lj2^G n , dj (x). 
3=0 

Clearly T(0) = 1. Now for x G M(Q,R), Corollary [3j ([5T|) with the choice 
of constants above imply T(x) > 5 + (1 — 5) {—5/2 — 5/2) > 0. Similarly for 
x € m(Q,R), T(x) > 0. Choose rrij such that akd k m k < n < a k d k (rtij + l) k , for 
j = 0, . . . , s, and let m — max{mo, . . . , m s }. For given 5 > 0, the largest non-zero 
coefficient of the polynomial T is of the order at most N = P(d*m). From (|2.ip . 
we get N = / (exp(c 5 (fe + fc 8 )<T fe )), thus 5 = O f ((logN)-^ k ). 

6. Proof of the lower bound 
The proof of the lower bound mimics the construction of I. Ruzsa in the case of 

f(x) = x 2 dm). 

Lemma 8. Let k > 3 be an odd integer, j3 > an integer, and p = l(modfc) a 
prime, p > (3. Then there exists a collection of integers a±, 02, a s , s — (p — l)/k 
such that for any integer j , (j,p) = 1. 



s 

Y / cos{2nf3j k a l /p) < -^s/(k-2). 

i=l 
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Proof. Assume without loss of generality that /3 = 1 (we can do it as (/3,f>) = 1). 
As the congruence x = y k (modp) has k solutions for any y relatively prime with 
p, we can divide the set of p — 1 reduced residue classes modp into k equivalence 
classes Q%, Qk of size s = (p — l)/k, defined as: a\ ~ 02 if for some j, (j,p) = 1, 



a\a 2 



j k (modp) 



(the a^ 1 is the multiplicative inverse of 02 modp). As k is odd, a ~ —a. We 
conclude that the sum A m defined below is real, on the left-hand side independent 
°f J j (JiP) — 1 an< i 011 the right-hand side independent of a € Q m : 

1 p_1 

(6.1) A m = <3 k a/p) = E VP)- 

a£Q m j=l 

By definition, 

ft 

(6.2) E A -= E e(A/p) = -l- 

m=l a,(a,p) = l 

We now evaluate 5Zm=i °y usm g the right-hand side of (|6.ip . and get 

2 



p-i 



E^ = E 



rn — 1 



E e (^«/p) 



(6.3) 



E< = 



= E E <K(** = 

a— 1 x,y=l 
p—1 p—1 

E E e ((^ - wVp) = ( fc p - p + !)(p - 

X,y=l a— 1 



p 



where we used that x k = has k solutions modp for x,y relatively prime with 
p. Now suppose all A m > —c for some c > 0. If there are k~ numbers A m < 0, 



1 < k~ < k, then J2 



m,A m < 



A^ < k c 2 , and by using ([5^]) . J] 



/I 2 

m,A m >0 m 



we eas 



ily get c > y/s/(k- 2). Now 



(fc c— l) 2 . Combining that with 
find A rn < —y/s/(k — 2), and choose 01, a s to be the elements of Q r - 



< 



□ 



We now complete the proof of Theorem [2j Choose any cosine polynomial (|1.2|) , 
T(x) > and T(0) = 1, with f(x) = (3x k . By calculating J2Ui t K/p); P = 
l(modfc), p > j3, applying Lemma [8] and noting that 1 + y s(fc — 2) < ^/p, we get 

V 1 

> (1, > . 

tr? vp 



We multiply this by logp and sum for p < m. We get 



E< 



E 



logp > 



E 



p|j,P=l(mad A;),p<m 



p|j,p=l(mod fc) ,p<m 



logp 



By the theorem on primes in arithmetic sequences, the sum on the right side is 
y/m(2/(p(k) + o(l)). On the left-hand side, the coefficient of aj, j > is < log j < 
log n (where n is the largest non-zero coefficient of T(x)), and the coefficient of clq is 
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m(l/ip(k) + o(l)), where tp(k) is the Euler's totient function. By writing e = o(l), 
we get 

We express a , minimize over \pm and obtain a > (l/ip(k) — e) /logn. 

Acknowledgement 1. The authors thank I. Z. Ruzsa for suggesting the use of 
the approximate Fejer kernel. 
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